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Listing 1:

Sigma <- matrix(
cC1, -2, o0,

-2, b, 0,

0, 0, 2),
nrow = 3,
byrow = TRUE

rownames (Sigma) <- c("X1", "X2", "X3")
colnames(Sigma) <- c("X1", "X2", "X3")

Sigma

YA
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Listing 2:

X1 X2 X3
X1 1-2 0
X2 -2 5 0
X3 0 0 2

ojﬁggsLAJL{ﬁ_gojgj‘ﬁ:Lia \.V
(.:\.5‘50 oalazl eigen C.:L: )\ 059 6\.&)\:)3 jﬁ.}uﬂ wbu: L.S‘J’

Listing 3:

eig <- eigen(Sigma, symmetric = TRUE)

lambda <- eig$values

E <- eig$vectors

{ names(lambda) <- c("lambdal", "lambda2", "lambda3")
colnames(E) <- c("el", "e2", "e3")

rownames (E) <- c("X1", "X2", "X3")

iy round(lambda, 6)
1| round(E, 6)

Zo}‘::jﬁbu.c ue-jJ}

Listing 4:

lambdal 1lambda2 lambda3
5.828427 2.000000 0.171573

Ll plpeis sayls 6l S a5 51 SO

Listing 5: R
el e2 e3
X1 -0.382683 0.000000 -0.923880
X2 0.923880 0.000000 -0.382683
X3 0.000000 1.000000 0.000000
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Listing 6:

4 round(E, 6)

if (E[1, 11 < 0) {
E[, 1] <= -E[, 1]

if (E[1, 3] <0) {
E[, 3] <- -E[, 3]

e

Listing 7:

el e2 e3
X1 0.382683 0.000000 0.923880
X2 -0.923880 0.000000 0.382683
X3 0.000000 1.000000 0.000000

Y, = 0.383X, — 0.924.X,,

Y72:X37

Y3 = 0.924X,; + 0.383X5.

IS e ple SAEG Sy VY

abal; 5 ool glaadd 5o 3l)ls S e Sle
Cov(Y)=E'SE

Al s @

Listing 8:

Cov_Y <- t(E) %*’ Sigma %*% E

round(Cov_Y, 6)

Wt



Listing 9:

el e2 e3
el 5.828427 0.000000 0.000000
e2 0.000000 2.000000 0.000000
e3 0.000000 0.000000 0.171573

olanl SUSH b ool glaadlze ool ply s Jios a3 5 ) (slanl)s

Listing 10:

Laddge pibly oo Y.V

[

total_variance <- sum(lambda)

variance_share <- lambda / total_variance

cumulative_share <- cumsum(variance_share)

variance_table <- data.frame(
Component = c("Y1", "y2",6 "y3"),

Eigenvalue = lambda,

Variance_Percent = 100 * variance_share,

Cumulative_Percent = 100 * cumulative_share

)
print(
transform(
variance_table,
Eigenvalue = round(Eigenvalue, 3),
Variance_ Percent = round(Variance_Percent, 2),
Cumulative_Percent = round(Cumulative_Percent, 2)
) g

row.names = FALSE

W ile

72.86
97.86

Listing 11:
Component Eigenvalue Variance_Percent Cumulative_Percent
Y1 5.828 72.86
Y2 2.000 25.00
Y3 0.172 2.14

100.00

¥
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Listing 12:

sd_X <- sqrt(diag(Sigma))
Cor_X_PC <- diag(1l / sd_X) %*%
E %x%

diag(sqrt(lambda))

rownames (Cor_X_PC) <- c("X1", "X2", "X3")
colnames(Cor_X_PC) <- c("yi", "y2m, "y3w)

i round(Cor_X_PC, 3)

Wt

Listing 13:

Y1 Y2 Y3
X1 0.924 0.000 0.383
X2 -0.998 0.000 0.071
X3 0.000 1.000 0.000

ol 0529 )\J\:u_g 059 )‘Aﬁs Qbﬁ:ﬁ)\ L5":'b uL”S 0925)\.&.3.» L) 0.924 sue k.i.?.-}s CJ_}LOJ
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Listing 14: ellipse

install.packages("ellipse")

(S Sl ey e

Listing 15: ellipse

AR



library(ellipse)

033 40 Jlozl gy oty VA

53 Jb5 w8 b Blae 95% Jleol od 353 s 95.0 = level oleST S1ellipse nb s

Listing 16:

"’)‘z@rﬂ)oﬁh

ellipse

library(ellipse)

Sigma_12 <- Sigma[1:2, 1:2]
mu_12 <- c(0, 0)

ellipse_95 <- ellipse::ellipse(
Sigma_12,
centre = mu_12,
level = 0.95,
npoints = 500

)
plot(

ellipse_95,

type = "1",

asp = 1,

lwd = 2,

xlab = expression(X[1]),

ylab = expression(X[2]),

main = "95Y, probability ellipse"
)

abline(h = 0, v = 0, 1ty = 3)

points(0, 0, pch = 19)

QLA&&MJALZ(}JQP}XIQWJALJJJ\Q)&A .Jf@@j@fwjbmﬂb&gellipsedb

Listing 17:

w‘wdj).lau; X
:MJL_AJ;g-oML’ML;\ﬁ

head(ellipse_95)

¥y
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Listing 18:
X y
[1,] -0.9360 4.9058
[2,] -0.9973  4.9259
[3,] -1.0584  4.9452
[4,] -1.1192  4.9637
[5,] -1.1798  4.9815
[6,] -1.2401  4.9984

ﬁg “ é..,o‘ 6\&4&.’}0 ‘.5LAJ‘5>M [):‘9)'.'9‘ Y.A

M)@rbu‘\) ElZJ":’J:‘L‘J:’)%:’)‘\:’J—’J‘J:“ agfu‘du)ywr.w)d‘f

Listing 19:

eig_12 <- eigen(Sigma_12, symmetric = TRUE)

lambda_12 <- eig_12$values

E_12 <- eig_12$vectors

# Adjust signs
if (E_12[1, 1]
E_12[, 1] <-

if (E_12[1, 2]
E_12[, 2] <-

to match the hand calculations

<0 {
-E_12[, 1]

<0 {
-E_12[, 2]

round (lambda_12, 6)

round(E_12, 6)

Listing 20:

[1] 5.828427 0

[,1]
[1,] 0.382683

.171573

[,2]
0.923880

¥



[2,] -0.923880 0.382683

CZ:\/X%OQ&

Listing 21:
c2 <- qchisq(0.95, df = 2)

c_value <- sqrt(c2)

axis_lengths <- c_value * sqrt(lambda_12)

round(c2, 6)
round(c_value, 6)

round(axis_lengths, 6)

‘ST

Listing 22:

[1] 5.991465

(1] 2.447747

[1] 5.908846 1.013049

el 101 T8 S 8 menes Jsb 5 591 L5 Sy s genpd Iob 21l

Laadd 3o sla ) goee Lol o2 h;éyg‘JgL@3-Er Y.A

Listing 23: ellipse

library(ellipse)

# Covariance matrix of X1 and X2
Sigma_12 <- Sigma[1:2, 1:2]
mu_12 <- c(0, 0)

# Eigenvalue decomposition
eig_12 <- eigen(Sigma_12, symmetric = TRUE)
4 lambda_12 <- eig_12$values

1y E_12 <- eig_12$vectors

Yo



# Sign convention used in the notes
if (E_12[1, 1] < 0) {
E_12[, 1] <- -E_12[, 1]

if (E_12[1, 2] < 0) {
E_12[, 2] <- -E_12[, 2]

# 95%, probability ellipse
ellipse_95 <- ellipse::ellipse(
Sigma_12,
centre = mu_12,
level = 0.95,
npoints = 500

# Constant and semi-axis lengths

c_value <- sqrt(qchisq(0.95, df = 2))

axisl <- c_value * sqrt(lambda_12[1]) * E_12[, 1]
axis3 <- c_value * sqrt(lambda_12[2]) * E_12[, 2]

# Plot

plot(
ellipse_95,
type = "1",
lwd = 2,
asp = 1,
xlab = expression(X[1]),
ylab = expression(X[2]),
main = "Principal axes and 95% probability ellipse",
x1lim = range(ellipse_95[, 1]) + c(-0.7, 0.7),
ylim = range(ellipse_95[, 2]) + c(-0.7, 0.7)

# Original coordinate axes
abline(h = 0, v = 0, 1ty = 3)

# First principal axis

arrows (

Y5




-axis1[1], -axis1[2],
axis1[1], axis1[2],
length = 0.10,

lwd = 2

# Third principal axis
arrows (
-axis3[1], -axis3[2],
axis3[1], axis3[2],
length = 0.10,
1ud = 2,
1ty = 2

# Centre
points(mu_12[1], mu_12[2], pch = 19)

# Axis labels

text(
axisi[1],
axisi[2],
labels = expression(Y[1] == e[1]°T * X),
pos = 4
)
text (
axis3[1],
axis3[2],
labels = expression(Y[3] == e[3]°T * X),
pos = 4
)
legend(
"topright",
legend = c(
"95% ellipse",
"First principal axis",
"Third principal axis"
e
1ty = c(1, 1, 2),
lwd = c(2, 2, 2),

v
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Listing 24:

ellipse_50 <- ellipse::ellipse(

|
4 Sigma_12,
,|

centre = mu_12,

YA



level = 0.50,
npoints = 500

ellipse_90 <- ellipse
Sigma_12,
centre = mu_12,
level = 0.90,
npoints = 500

ellipse_95 <- ellipse
Sigma_12,
centre = mu_12,
level = 0.95,
npoints = 500

ellipse_99 <- ellipse
Sigma_12,
centre = mu_12,
level = 0.99,
npoints = 500

plot(
ellipse_99,
type = "1",
asp = 1,
lwd = 2,

xlab = expression(X

ylab = expression(X

main = "Probability

lines(ellipse_95, lwd =
lines(ellipse_90, lwd =
lines(ellipse_50, lwd =

abline(h = 0, v = 0,

legend(

::ellipse(
::ellipse(
::ellipse(
(1D,
(2D,
ellipses"
2, 1ty = 2)
2, 1ty = 3)
2, 1ty = 4)
lty = 3)

¥4




"topright",
legend = C("gg%" s I|95%" s "90%" s ||50%") s

1ty = c(1, 2, 3, 4,
lwd = 2,
bty = npn

J::"":") UJ}MMJJLL@JJW‘&AM .JJ)‘J)\J.; €3 elo}vébﬁ)\bj&:*@.?-)b uww|rw
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Listing 25:

library (MASS)
library(ellipse)

set.seed(1405)

X_sim <- MASS::mvrnorm(
n = 500,
mu = c(0, 0, 0),
Sigma = Sigma

colnames(X_sim) <- c("X1", "X2", "X3")

head (X_sim)

Dy a3 Oy 4 cedd el B3lal Hds 4 a5 b ceddgiluand slaesls Cans e

Listing 26:
X1 X2 X3
[1,] 0.482... -0.914... 0.203...
[2,] -0.316... 1.786... -0.725...
[3,] 0.171... -0.642... 1.388...
[4,] -1.102... 2.417... -1.536...
[5,] 0.626... -1.865... 0.492...
[6,] -0.084... 0.771... -0.227...
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Listing 27:

plot (
X_sim[, "X1"],
X_sim[, "X2"],
pch = 20,

0)



cex = 0.55,

asp = 1,

xlab = expression(X[1]),
ylab

main

expression(X[2]),

"Simulated data and theoretical ellipses"

]
N
~

lines(ellipse_95, 1lwd
lines(ellipse_50, 1lwd = 2, 1ty = 2)

abline(h = 0, v = 0, 1ty = 3)

arrows (
-axis1[1], -axisi[2],
axis1[1], axisi[2],
length = 0.10,
lwd = 2

arrows (
-axis3[1], -axis3[2],
axis3[1], axis3[2],
length = 0.10,
lwd = 2,
1ty = 2

legend(
"topright",
legend = c(
"Observations",
"95% ellipse",
"50% ellipse",
"First principal axis",
"Third principal axis"
0
pch = c(20, NA, NA, NA, NA),
1ty = c(NA, 1, 2, 1, 2),
lwd = c(NA, 2, 2, 2, 2),
bty = "n"
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Simulated data, probability ellipses, and principal axes
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Listing 28: car
install.packages("car")
library(car)
(S0 gad Sla sy o)
Listing 29: dataEllipse
library(car)

oy



car::dataEllipse(
X_sim[, "X1"],
X_sim[, "X2"],
levels = ¢(0.50, 0.90, 0.95),
ellipse.label = c("50%", "90%", "95%"),
fill = TRUE,
fill.alpha = 0.08,
pch = 20,
cex = 0.5,
xlab "Xiv,
nxon

ylab

title("Sample data ellipses")
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Ty, x, = —0.768,
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Ty, x, = 0.952,

Py xp = —0.494.
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Listing 30:
S <- matrix(
c(
4.308, 1.683, 1.803, 2.155, -0.253,
1.683, 1.768, 0.588, 0.177, 0.176,
1.803, 0.588, 0.801, 1.065, -0.158,
2.155, 0.177, 1.065, 1.970, -0.357,
-0.253, 0.176, -0.158, -0.357, 0.504
),
nrow = 5,
byrow = TRUE

variable_names <- c(
"Population",
"SchoolYears",
"Employment",
"HealthServices",

"HomeValue"

rownames (S) <- variable_names

colnames(S) <- variable_names

S
DIl o >
Listing 31:

Population SchoolYears Employment HealthServices HomeValue
Population 4.308 1.683 1.803 2.155 -0.253
SchoolYears 1.683 1.768 0.588 0.177 0.176
Employment 1.803 0.588 0.801 1.065 -0.158
HealthServices 2.155 0.177 1.065 1.970 -0.357
HomeValue -0.253 0.176 -0.158 -0.357 0.504

va



R, Listing 32:

eig <- eigen(S, symmetric = TRUE)

lambda <- eig$values

E <- eig$vectors

# Adjust signs to match the convention used in the notes
E[, 1] <- -E[, 1]
E[, 2] <- -E[, 2]

colnames(E) <- pasteO("PC", 1:5)

rownames (E) <- variable_names

cat("Eigenvalues:\n")

print (round(lambda, 6))

cat("\nEigenvectors:\n")

print (round(E, 3))

!o}ijﬁsu,a Lf'jj}

Listing 33:

[1] 6.930831 1.786685 0.389200 0.229995 0.014289

s Ll p o B

Listing 34:
PC1 PC2 PC3 PC4 PC5
Population 0.781 -0.071 0.004 -0.542 -0.302
SchoolYears 0.306 -0.764 -0.162 0.545 -0.010
Employment 0.335 0.083 0.015 -0.050 0.937
HealthServices 0.426 0.579 0.220 0.636 -0.173
HomeValue -0.054 -0.262 0.962 -0.050 0.024

cobols 6P ger sl (pl ASL oslis elgen mb s sl 5 O L b SO codle ol S
S0 Ay S 4l b sddesls o5 el ko)

Listing 35:

R:

total_variance <- sum(lambda)

variance_percent <- 100 * lambda / total_variance

Ar



cumulative_percent <- cumsum(variance_percent)

variance_table <- data.frame(
Component = pasteO("PC", 1:5),
Eigenvalue = round(lambda, 4),
Variance_Percent = round(variance_percent, 2),

Cumulative_Percent = round(cumulative_percent, 2)

print(variance_table, row.names = FALSE)

i
Listing 36:
Component Eigenvalue Variance_Percent Cumulative_Percent
PC1 6.9308 74.12 74.12
PC2 1.7867 19.11 93.23
PC3 0.3892 4.16 97.39
PC4 0.2300 2.46 99.85
PC5 0.0143 0.15 100.00
Esting 37:
sd_variables <- sqrt(diag(S))
cor_X_PC <- diag(l / sd_variables) %*%
E %x%
diag(sqrt(lambda))
rownames (cor_X_PC) <- variable_names
colnames(cor_X_PC) <- pasteO("PC", 1:5)
round(cor_X_PC, 3)
I
Listing 38:
| PC1  PC2  PC3  PC4  PC5
| Population 0.991 -0.046 0.001 -0.125 —-0.017
| SchoolYears 0.605 -0.768 -0.076 0.196 -0.001
| Employment 0.984 0.124 0.011 -0.027 0.125

AN



HealthServices 0.799 0.552 0.098 0.217 -0.015
HomeValue -0.201 -0.494 0.845 -0.034 0.004

r‘g) W}a)‘wu\:su\.&u\ .Ms&ﬁuw}owwwﬁb o}jﬁbwéﬁu\)b}o} L;JS..':‘J‘.:}.QJMJ
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Listing 39:

plot (

1:5,

lambda,

type = "b",

pch = 19,

lwd = 2,

xlab = "Principal component",

ylab = "Eigenvalue",

main = "Scree plot",

xaxt = "n"
)

axis(1, at = 1:5, labels = pasteO("PC", 1:5))
abline(h = 1, 1ty = 2)

text (
1:5,
lambda,
labels = round(lambda, 2),
pos = 3

Listing 40:

mid_points <- barplot(
variance_percent,

names.arg = pasteO("PC", 1:5),

ylim = c(0, 105),

xlab = "Principal component",
ylab = "Percentage of variance",
main = "Explained variance"

AY




lines(
mid_points,

cumulative_percent,

type = "b",
pch = 19,
lwd = 2

)

text (

mid_points,

variance_percent,

labels = pasteO(round(variance_percent, 1), "%"),

legend = c("Individual percentage", "Cumulative percentage"),

pos = 3

)

legend(
"Iight",
pch = c(15, 19),
1ty = c(NA, 1),
bty = "pn

axU 14 & by 1o (so o3 01 5 s00 cns sl s rL&-&LAaJ‘Jd.{L?;}Tj\ Jol add5e g3 sLad jo b icis 4l 500
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Listing 41:

plot(
cor_X_PC[, 1],
cor_X_PC[, 2],

xlim = c(-1, 1),

ylim = c(-1, 1),

asp = 1,

pch = 19,

xlab = "Correlation with PC1",
ylab = "Correlation with PC2",
main =

abline(h = 0, v = 0, 1ty = 3)

"Variables in the PC1-PC2 plane"

AY




symbols (
0,
0,
circles = 1,

inches = FALSE,

2( add = TRUE

arrows (
0,
0,
cor_X_PC[, 1],
cor_X_PC[, 2],
length = 0.08

text (
cor_X_PC[, 1],
cor_X_PC[, 2],
labels = variable_names,
pos = 3,

cex = 0.8
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% = [4.725 4478 3.703] .
bl ol 50 @505 (il S —iboly e Sbe

11.555 8.367 8.508
S=10"3] 8367 6.697 6.264
8.508 6.264 7.061

rﬁ)\)&)\.&ﬁ\ sl ) “UZ’\J"L‘"
0.011555 0.008367 0.008508

S = |0.008367 0.006697 0.006264
0.008508 0.006264 0.007061
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tr(S) = 0.011555 + 0.006697 + 0.007061.

tr(S) = 0.025313.

ML’J;‘J)SWJSLA ok))\&amﬁwb%b)\wuﬁ\
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S — AI| =0
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A1 = 0.0243095,
Ao = 0.0006246,
A3 = 0.0003789.

g ) e 4 L el Ol e 1073 o e 3l eslinal L
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A = 24.3095 x 1073,
Ao = 0.6246 x 1072,
Az = 0.3789 x 1072

A+ X+ A3 = 0.0243095 + 0.0006246 + 0.0003789
—0.025313.
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0.683
e; = | 0.510
0.522

0.162
e = | 0.591
—0.790

0.712
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&,&, = (0.683)(0.162) + (0.510)(0.591) + (0.522)(—0.790).

o
€1é; ~ 0.111 + 0.301 — 0.412 ~ 0.
NN
ee3~0
S
NN
eye; ~ 0.
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Y, = é\x.

Y, = 0.683X, + 0.510X, + 0.522X5.

I e pite S 4 a5 L

Y1 = 0.6831In(Jsb) + 0.510In(5,¢) + 0.522In(g s,)).

Yy = 0.162X; + 0.591X5 — 0.790X5.

Yy = 0.1621n(Jk) + 0.591In(,2,5) — 0.790 In(g s,).
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Vs = 0.712X; — 0.625X5 — 0.321 X5.

Y3 = 0.712In(Jsb) — 0.625In(5,¢) — 0.321 In(gis,)).

! JLL';A o}g) ﬁbu,a J.’\J.» U&M.S}.c J";Lﬁ)b

32% = 0.0243095,

322 = 0.0006246,
0.0003789.
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~0.0243095
1 0.025313
— 0.9604.
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0.0006246
P2 —_ -
0.025313

= 0.0247.

S 9>~ £33 44.55.»247%&)@ C"’“ﬂ‘}: B) Jf J“.’Lf)b 3]

0.0003789
0.025313
= (0.0150.
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96.04% + 2.47% = 98.51%.
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sx, = V0.011555 = 0.1075,
sx, = V0.006697 = 0.0818,
sx, = V0.007061 = 0.0840.

\/ A1 = v/0.0243095 = 0.1559.

(0.683)(0.1559)

X T T 01075
— 0.991.
19> pXe Sl
N (0.510)(0.1559)
Yi.Xo 0.0818
— 0.972.
e Xe Sl s
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(0.522)(0.1559)

"iXs T T (0.0840
— 0.969.
o
res x, = 0.991,
TY/l,Xg = 0.972,
ri: x, = 0.969.
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\/ A2 = v/0.0006246 = 0.0250.
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ry,x, = 0.038,
T4y x, = 0-181,
T’Y%XS = —0.235.

ool 555 e 4050

\/ A3 = v/0.0003789 = 0.0195,

A )3

ry, x, = 0.129,
I, x, = —0.149,
7’3}37)(3 = —0.074.
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Listing 42:

S_turtle <- le-3 * matrix(
c(

11.555, 8.367, 8.508,
8.367, 6.697, 6.264,
8.508, 6.264, 7.061

r ),
nrow = 3,

byrow = TRUE

1| variable_names <- c(

qy



"LogLength",
"LogWidth",
"LogHeight"

rownames (S_turtle) <- variable_names

colnames(S_turtle) <- variable_names

S_turtle

Listing 43:

e

Loglength LogWidth LogHeight
LogLength 0.011555 0.008367 0.008508
LogWidth  0.008367 0.006697 0.006264
LogHeight 0.008508 0.006264 0.007061

Listing 44:

eig_turtle <- eigen(
S_turtle,
symmetric = TRUE

lambda_turtle <- eig_turtle$values
E_turtle <- eig_turtle$vectors
# Adjust signs for easier interpretation

if (E_turtlel1, 1] < 0) {
E_turtle[, 1] <- -E_turtlel, 1]

if (E_turtlel1, 2] < 0) {
E_turtle[, 2] <- -E_turtlel[, 2]

if (E_turtle[1, 3] < 0) {
E_turtlel, 3] <- -E_turtlel[, 3]

Q¥
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rownames (E_turtle) <- variable_names

colnames (E_turtle) <- c("PCi1", "PC2", "PC3")

cat("Eigenvalues:\n")

print(round(lambda_turtle, 7))

cat ("\nEigenvectors:\n")

print(round(E_turtle, 3))

Listing 45:

e

[1] 0.0243095 0.0006246 0.0003789

Listing 46:

:o}gjdu)\sﬁ@j‘)}-

PC1  PC2  PC3
LogLength 0.683 0.162 0.712
LogWidth 0.510 0.591 -0.625
LogHeight 0.522 -0.790 -0.321

Listing 47:
round (
t(E_turtle) %x% E_turtle,
6
)
e
Listing 48:
PC1 PC2 PC3
PC1 1 0 0
PC2 0 1 0
PC3 0 0 1
Listing 49:

Cov_PC <- t(E_turtle) %x%
S_turtle %*%

10



E_turtle

round (Cov_PC, 7)

Listing 50:

Pty

PC1 PC2 PC3
PC1 0.0243095 0.0000000 0.0000000
PC2 0.0000000 0.0006246 0.0000000
PC3 0.0000000 0.0000000 0.0003789

[

Listing 51:

total_variance <- sum(lambda_turtle)

variance_percent <-

100 * lambda_turtle / total_variance

cumulative_percent <-

cumsum(variance_percent)

variance_table <- data.frame(
Component = c("PCi", "PC2", "PC3"),
Eigenvalue = round(lambda_turtle, 7),
Variance_Percent =
round(variance_percent, 2),
Cumulative_Percent =

round(cumulative_percent, 2)

print(
variance_table,

row.names = FALSE

Listing 52:

T

‘ Component Eigenvalue Variance_Percent Cumulative_Percent
‘ PC1 0.0243095 96.04 96.04

45



PC2 0.0006246 2.47
PC3 0.0003789 1.50

98.51
100.00

o

Listing 53:

sd_variables <- sqrt(
diag(S_turtle)

Cor_X_PC <- diag(
1 / sd_variables
) %k
E_turtle Y%x*Y%
diag(
sqrt (lambda_turtle)

rownames (Cor_X_PC) <- variable_names
colnames (Cor_X_PC) <- c(

"PC1",

"PC2",

"PC3"

round (Cor_X_PC, 3)

Listing 54:

iy

PC1 PC2 PC3
LogLength 0.991 0.038 0.129
LogWidth 0.972 0.181 -0.149
LogHeight 0.969 -0.235 -0.074

Listing 55:
plot( |
1:3,
lambda_turtle,
type = "b",
pch = 19,

av




lwd = 2,
xaxt = "n",

xlab

"Principal component",

ylab = "Eigenvalue",

main = "Scree plot for turtle data"
)
axis(

1,

at = 1:3,

labels = c("PC1", "PC2", "PC3")

text (

1:3,

lambda_turtle,

labels = signif(
lambda_turtle,
3

i

pos = 3

sl onls S8 ol 4 g0 S sl ol by s o 3L sl il g 31 e (S 5l il (6 Sl Sl s

Listing 56:

mid_points <- barplot(
variance_percent,

names.arg = c(

"PC1",
"pPC2",
"PC3"
) s
ylim = c(0, 105),
xlab = "Principal component",
ylab = "Explained variance (%)",
main = "Explained variance"
)
lines(

mid_points,

aA




cumulative_percent,

type = "b",
pch = 19,
lwd = 2

)

text (

mid_points,

variance_percent,

labels = pasteO(
round(variance_percent, 2),
II%H

) s

pos = 3

legend(

"right",

legend = c(
"Individual variance",
"Cumulative variance"

s

pch = c(15, 19),

1ty = c(NA, 1),

bty = "n"

Listing 57:

plot(
Cor_X_PC[, 117,
Cor_X_PC[, 2],

xlim = c(-1, 1),

ylim = c(-1, 1),

asp = 1,

pch = 19,

xlab = "Correlation with PC1",
ylab = "Correlation with PC2",

main = "Variables in the PC1-PC2 plane"

44




abline(

h =0,

v =0,

1ty = 3
)
symbols (

0,

0,

circles = 1,
inches = FALSE,
add = TRUE

arrows (
0,
0,
Cor_X_PC[, 11,
Cor_X_PC[, 21,
length = 0.08

text (
Cor_X_PC[, 11,
Cor_X_PC[, 21,
labels = variable_names,

pos = 3

QJg\&J}xSMswowt’yﬁ&\ S 53 Jsl e e g S0P 3 ke dew i 130 ol
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Listing 58: PCA

# Suppose turtle_data contains:

# LogLength, LogWidth, LogHeight

pca_turtle <- prcomp(
turtle_data,




TRUE,
FALSE

{ center

scale.

summary (pca_turtle)

pca_turtle$rotation

head (pca_turtle$x)

(el ol
(aas oo Ol |y 055 slayls 5 pca_turtle$rotation o,ls @

“.J\SLSA 43\)‘ b o}::j ﬁbu’.o pca_turtle$sdev"2 C)JL:\.C« [ J
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_ 19.32 70.41 5.87
X = , S = )
1.51 5.87 0.97
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aslrs J>= 5l oag polis
IS—=AI|=0

:J;Jda Cewd 4

7041 — X 5.87
5.87 0.97 — A

o
(70.41 — \)(0.97 — \) — 5.87% = 0.
rﬁ)\b L.wa L:
A% — T1.38) + 33.8408 = 0.
olRbs
\ 71.38 + /71.382 — 4(33.8408)
— > :
L)
A =70.9027, Ay = 0.4773.
S sl

AL+ Ay = 71.38 = 70.41 + 0.97 = tz(S).
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3
(S —70.9027I)e; =0
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—0.4927 5.87 €11 . 0
5.87 —69.9327 ) \ oy 0/

—0.4927611 + 5.87621 = O,

Zdj‘ aJslao )\

€91 = 0.0839611 .

. 0.9965
e = .
0.0836

Y, = 0.9965X; + 0.0836X5.

:)‘Jjoﬁﬁb‘jj\m

b sl ol O obls

2 _
52 = 70.9027.

Ayt bgspaoing sl

S 0 d‘.ﬁsd” uﬁ‘}:\ﬁ: o] J}‘)‘Jﬂﬂ S g J> o}'::j)\)ﬁ 032 oj:»j‘)L,\iA L;\J"
. 0.0836
€y = .
—0.9965

Yy, = 0.0836X; — 0.9965X.

2
52 = 0.4773.
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bl ol @5e3 IS 5lls Jl ad 3o il e (2

70.9027 4 0.4773 = 71.38.

b sl ol IS ity 51 sl add5e g

A 70.9027
A = 0.9933.
A+ Ao 71.38
el
354> J 5 4dd5499.33%0. 403 o0 b 5 1y IS il S
.la_ﬁ_é (sjs MJ}A 9
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(x-%X)S'(x-%)=14

bl 2l bl S  Sle e sSne i

51~ 0.02866 —0.17346
—0.17346 2.08062 |

tCenl S0k 13 gl i S

(19.32, 1.51).

Jsl o305 )13 o5 s Sy goes g
R 0.9965
e —
0.0836
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. 0.0836
€y =
—0.9965

.J).f:‘_;o ,a)w .

o8

b ol l s s by oenes I b

a1 = \/ 1.4\ = /1.4(70.9027) ~ 9.963,

ay = \/ 1.4\ = 1/1.4(0.4773) ~ 0.817.

ol

ap ~ 9.963, as ~ 0.817.

L el ol Loy 55 Xy soes 0 ol Jl ool gms 0515

0 = tan~* @ ~ 4.8°.
0.9965
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0.99654/70.9027

ro o = ~ 0.99998.
H.4 V70.41
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Ty x, A 1.000.

vﬁ)\) X2 LQ\J"
0.0836+/70.9027 0.715
Ty = =~ 0. .
Y1.X2 V0.97
o

rYﬁ,Xz ~ (0.715.
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Listing 59:

xbar <- c¢(19.32, 1.51) |

Vo F



S <- matrix(
c(
70.41, 5.87,
5.87, 0.97
) s
nrow = 2,
byrow = TRUE

rownames(S) <- c("X1", "X2")

colnames(S) <- c("X1", "X2")

xbar
S

T
Listing 60:
[1] 19.32 1.51
X1 X2
X1 70.41 5.87
X2 5.87 0.97
Listing 61:

eig <- eigen(S, symmetric = TRUE)

lambda <- eig$values

E <- eig$vectors

# Change signs for consistency with the hand solution

if (E[1, 11 < 0) {
E[, 1] <= -E[, 1]

if (E[2, 2] > 0) {
E[, 2] <- -E[, 2]




11 colnames(E) <- c("PC1", "PC2")

it rownames(E) <- c("X1", "X2")

cat ("Eigenvalues:\n")

print(round(lambda, 6))

»| cat("\nEigenvectors:\n")

ot print (round(E, 6))

e

Listing 62:

[1] 70.902715 0.477285

Zo}gj L;Lh)bﬁj

Listing 63:

PC1 PC2
X1 0.996496 0.083644
X2 0.083644 -0.996496

1S o B 1y s Slwlos s Olan 5 153l 5 Lol glaadlps cpl ol

Y, = 0.9965X, + 0.0836.X,

Y, = 0.0836X; — 0.9965X.

Listing 64:

for (i in 1:2) {

left_side <- S %% E[, il
right_side <- lambda[i] * E[, il

cat ("\nComponent", i, "\n")
print(

round (
{ cbind(left_side, right_side),
1 6

VoA



)
}
oyl 5 ol O L5 a3 2 (Sl O 35 s >
Sé; = \é
Listing 65:
round (
t(E) %x% E,
6
)
A
Listing 66:
PC1 PC2
PC1 1 0
PC2 0 1

S VLU Y MW}&U o}gjj\.tﬁj} Uf‘J"L‘J

el s S ol geadlge pilslasS Sl o

Cov(Y) = E'SE.

Listing 67:

Cov_PC <- t(E) %*% S %*% E

round (
Cov_PC,
6

AER



T

Listing 68:

PC1 PC2
PC1 70.902715 0.000000
PC2 0.000000 0.477285

Sl Blos 055 JMis ol addge 8 (bols 5 lanenl Liadlgo

Listing 69:

variance_percent <-
100 * lambda / sum(lambda)

cumulative_percent <-

cumsum(variance_percent)

variance_table <- data.frame(
Component = c("PC1", "PC2"),
Eigenvalue = round(lambda, 6),
Variance_Percent =
round(variance_percent, 2),
Cumulative_Percent =

round(cumulative_percent, 2)

print(
variance_table,

row.names = FALSE

)
il
Listing 70:
Component Eigenvalue Variance_Percent Cumulative_Percent
PC1 70.902715 99.33 99.33
PC2  0.477285 0.67 100.00
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Listing 71:

sd_X <- sqrt(diag(S))

Cor_X_PC <- diag(
1/ sd_X
DAY
E %%
diag(
sqrt (lambda)

rownames (Cor_X_PC) <- c("X1", "X2")
colnames(Cor_X_PC) <- c("PC1", "PC2")

round (
Cor_X_PC,
3
)
Wil
Listing 72:
PC1 PC2
X1 1.000 0.007
X2 0.715 -0.699
o

rffh)ﬁ ~ 1.000

RN



TyhXQ ~ (0.715.
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(x—%)S'(x—%)=14
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Listing 73:

S_inv <- solve(S)

c2 <- 1.4

c_value <- sqrt(c2)

axis_lengths <-

sqrt(c2 * lambda)

angle_pcl <-
atan2(
E[2, 1],
E[1, 1]
) * 180 / pi

cat("Inverse covariance matrix:\n")

print (round(S_inv, 6))

cat("\nSemi-axis lengths:\n")

print (round(axis_lengths, 6))

cat("\nAngle of PC1l:\n")
print (round(angle_pcl, 3))

Listing 74:

Inverse covariance matrix:
X1 X2 |
X1 0.028664 -0.173459 |

VY



X2 -0.173459 2.080625

Semi-axis lengths:
[1] 9.963122 0.817434

Angle of PC1:
[1] 4.798

9.963

0.817

4.8°
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Listing 75:

Y

# install.packages("ellipse")
library(ellipse)

ellipse_points <- ellipse::ellipse(
S,
centre = xbar,
t = 1.4,
npoints = 500

axisl <-
sqrt(1.4 * lambdal[1]) *
E[’ 1]

VY




[l

3]

axis2 <-
sqrt (1.4 * lambdal[2]) *
E[, 2]

plot (
ellipse_points,
type = "1",
lwd = 2,
asp = 1,
xlab

expression(X[1]),

ylab = expression(X[2]),

main = "PCA ellipse and principal axes"

points(
xbar[1],
xbar[2],
pch = 19

arrows (
xbar[1] - axis1[1],
xbar[2] - axis1[2],
xbar[1] + axis1[1],
xbar[2] + axis1[2],
length = 0.08,
lwd = 2

arrows (
xbar[1] - axis2[1],
xbar[2] - axis2[2],
xbar[1] + axis2[1],
xbar[2] + axis2[2],
length = 0.08,

lwd = 2,
1ty = 2
)
text (

xbar[1] + axis1[1],
xbar[2] + axis1[2],

\RR




labels = "PC1",
pos = 4

text (
xbar[1] + axis2[1],
xbar[2] + axis2[2],
labels = "PC2",
pos = 4

legend(

"topright",

legend = c(
"Ellipse",
CEGIUE
"PC2"

s

1ty = c(1, 1, 2),

lwd = c(2, 2, 2),

bty = "n"
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0.9965
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